Transit light curves for stellar continua have only one minimum and a "U" shape. By contrast, transit curves for optically thin chromospheric emission lines can have a "W" shape because of stellar limb-brightening. We calculate light curves for an optically thin shell of emission and fit these models to time-resolved observations of Si IV absorption by the planet HD209458b. We find that the best fit Si IV absorption model has R p,Si IV /R * = 0.34 +0.07 −0.12 , similar to the Roche lobe of the planet. While the large radius is only at the limit of statistical significance, we develop formulae applicable to transits of all optically thin chromospheric emission lines.
INTRODUCTION
Since the first observation of a transiting exoplanet (Charbonneau et al. 2000; Henry et al. 2000) , knowledge of exoplanetary radii, composition and atmospheres has grown explosively. In-transit and out-of-transit spectroscopy and photometry have revealed water absorption in HD 189733b (Beaulieu et al. 2008) , atmospheric emission in TrES-1 (Charbonneau et al. 2005) , a surprising number of anomalously large planets (Baraffe et al. 2010) , and constraints on exoplanetary composition (Rogers & Seager 2010) . Accurate transit timing can also indicate the presence of additional bodies in the system through perturbations to the transiting planet's orbit (Agol et al. 2005; Holman & Murray 2005) .
When transits are observed in stellar Lyman-α, C II, Si III, Mg II and O I emission, they show much deeper minima than for visible wavelengths, revealing escaping atmospheres extending far beyond the geometric radii 6 of planets (Vidal-Madjar et al. 2004; Ben-Jaffel 2007; Murray-Clay et al. 2009; Lecavelier des Etangs et al. 2010; Fossati et al. 2010) . These light curves also constrain atmospheric conditions and mass escape from the planet's Roche lobe (Knutson et al. 2007; García Muñoz 2007; Linsky et al. 2010) .
Transit searches have been largely in the optical and near-infrared continuum, where the star is optically thick and limb darkened due to the temperature profile at the τ ≈ 1 surface of the star. For limb darkened wavelengths, the flux from the transiting system is at a minimum when the planet crosses the sub-earth longitude of the star (phase = 0.0) because the stellar disk is brightest at its center.
By contrast, emission lines from stellar chromospheres and transition regions can be limb brightened. For optically thick emission, limb brightening occurs when the source function increases with stellar altitude. For optically thin emission, strong limb brightening occurs because the chromospheric and transition region gas has its largest column density at the edges. Assef et al. (2009) showed that transit observations of chromospheric emission lines decrease sharply to a minimum at the first limb, increases to a local maximum mid-transit and then reverses the process as the planet exits the stellar disk. As a consequence, such a transit curve will be "W"-shaped. Assef et al. (2009) point out that limb brightening could be useful for detecting exoplanetary transits of giant stars. Light curves of limb brightened wavelengths have deeper minima than for both limb darkened and uniform disk emission. The star emits over a smaller effective area-a ring instead of a disk-so the planet covers a larger amount of the stellar flux. This is important for transits of giant stars where broadband transit depths can be below 0.01% for Jupiter-sized planets. Also, the planet covers its host's limb for a small fraction of the transit, allowing for feasible detection of giant star transits with ground based telescopes, which suffer from systematic photometric errors over timescales longer than one night. The exoplanets 4UMa b, HD 122430b, HD 13189b, and HIP75458 b all have transit probabilities greater than 10% and may be useful targets for future studies (Assef et al. 2009 ). Assef et al. (2009) approximate the limb brightened star as a central disk of emission surrounded by a circularly symmetric ring with ∼30 times the intensity. With this ring approximation, the maximum depth of the transit is proportional to the ratio of the planet radius to stellar radius, R p /R * if the emission from the central disk is negligible, instead of (R p /R * ) 2 , as expected for a uniform disk. This is because the planet covers ∼2R p out of a circle of emission whose total circumference is 2πR * .
In this paper, we present a transit light curve calculation for an optically-thin and geometrically-thin shell of emission. The calculated maximum transit depth scales as (R p /R * ) 3/2 , instead of R p /R * . In §2 we calculate the expected limb brightened light curve for an optically thin emission line. We consider optically thin emission because it shows at least 8 times the limb brightening of optically thick emission (Kastner & Bhatia 1992) . We fit this model light curve to Si IV emission from HD209458 in §3 and discuss the implications for HD209458b's thermosphere in §4.1.
A LIMB BRIGHTENED CURVE UNDER THE THIN-SHELL APPROXIMATION
We make the approximation that the thickness of the chromosphere, h, is much smaller than the size of the planet (R p ) and star (R * ). Under this geometrically thin approximation, the total flux from the star is proportional to the surface area of the hemisphere facing the Earth times its thickness h, because the total flux for an optically thin emission line is proportional to the total number of emitting ions. Neglecting any photospheric contribution, the amount of emission that the planet blocks is then simply the amount of the stellar surface that the planet covers times h. In this geometrical limit, therefore, the thickness of the chromosphere, h, cancels out.
We compute the light curve for zero thickness (h = 0) by finding the area of the the planet's shadow and dividing this by the surface area of a hemisphere with radius R * . The volume of the intersection of a cylinder with a sphere is given by Lamarche & Leroy (1990) and we find the surface area of the intersection by taking a partial derivative with respect to the radius of the sphere. The result can be expressed analytically in terms of elliptic integrals. Let x be the distance, in units of stellar radii, R * , from the center of the planet to the center of the star projected onto a plane perpendicular to the observer. Let p be the planet/star radius ratio, R p /R * . To calculate the light curve for a planet that does not pass through the center of the star, one can simply write x(t) as √ d 2 + b 2 , where d is the distance to the closest approach point in stellar radii R * and b is the impact parameter in stellar radii R * .
The transit depth, δ(x) is a piecewise function with three different regimes: (1) when the planet is fully contained in the stellar disk (2) when the planet is at egress/ingress and (3) when the planet is beyond the stellar disk. We also include the case that the planet's absorption profile is larger than the star. In this case, the same formulae apply-see Equation 2. A small figure for each regime is included in the equations, where an open circle represents the star and a filled circle represents the planet.
where K(m), E(m), and Π(n, m) are the complete Legendre elliptic integrals of the first, second, and third kinds, and Θ(x) is the Heaviside step function. For the elliptic integrals, we use the conventions of Abramowitz & Stegun (1972) where Π(n, m) = Π(n; K(m)|m) for the third elliptic integral.
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These formulae are difficult to evaluate numerically at x = 0, x = p and x = 1 ± p due to the formal divergence of different terms in equations 1 and 2; the divergences cancel out analytically, but routines that evaluate the elliptic integrals diverge. However, these locations are a set of measure zero, and thus are tractable when modeling data.
Analytical Transit Depth Estimation
The transit is deepest slightly before second contact, so we can estimate the maximum transit depth as follows from Figure 2 by comparing the total emitting area of the star to the total stellar surface area blocked by the planet. The blocked surface is the same as the shadow produced by a sphere of radius R p onto a hemisphere of radius R * . When the planet occults the edge of the star (second contact), as shown from an edge-on viewpoint in this figure, then the length of the arc of the long axis of the shadow is R * θ. The diameter of the planet is 2R p ≈ R * (1 − cos θ) ≈ 1 2 R * θ 2 , where the latter approximation is valid for θ ≪ 1. We can approximate the shadow as an ellipse with a semi-minor axis of R p and a semimajor axis of 1 2 R * θ, so the area of the shadow is A t = π R p R * R p . Thus, the maximum depth of transit is given by
which is accurate to within 5% for R p /R * < 0.23. Note that this is a different scaling for maximum transit depth than that given in Assef et al. (2009) who assume that most of the stellar emission is from a thin ring. For R p /R * = 1 − √ 3/2, half of the stellar emission is within R p of the stellar radius R * , so for R p /R * 0.13, the ring approximation is valid, but the scaling of transit depth assumes negligible limb curvature at the scale of the planet (R p /R * ≪ 1).
The remarkable consequence of Equation 3 is that the depth of a chromospheric transit does not decline as much with the radius of the planet as a transit of a uniform disk. A chromospheric transit has a maximum depth that is ≈ 1 2 R * Rp 1/2 times deeper than the maximum transit depth of a uniform disk; thus smaller planets have an advantage to be observed at chromospheric wavelengths, as emphasized by Assef et al. (2009) . It should also be noted that at mid-transit, the Double-U curve has a smaller transit depth than for a uniform disk, because the planet covers only πR 2 p out of a hemisphere of area 2πR 2 * . Figure 3 (solid curve) shows the transit light curve, 1-δ(x), for a planet that has R p /R * =0.08. The estimate given by equation 3 and the more detailed equation 1 agree well, predicting maximum chromospheric depths to be 1.8 times deeper than for uniform disk brightness. (For a uniform disk emission δ max =πR 2 p /(πR 2 * )). We also include a light curve for the thin circle of emission shown in Figure 1 b for comparison. (Mandel & Agol 2002 , dashed green line) is one for which the emission is assumed to be constant across the stellar disk. The "Thin Ring Emission" model (dot-dash red line) is a model where the emission is assumed to be mostly from a thin ring as pictured in Figure 1 b. Note that the "Thin Ring" and "Optically Thin Emission" models' minima are deeper than the uniform emission model and that these minima occur near the stellar limbs. (Wiik et al. 1997 ) is strongly limb-brightened, indicating that a transit of this emission line should have a Double-U light curve. (b) He II 304Å image of the solar limb, taken by the Extremeultraviolet Imaging Telescope (Feldman et al. 2000) is, by contrast, not limb brightened because it is optically thick in the chromosphere and thus the additional column density at the limb does not contribute any more flux than the central disk.
an extended hydrogen, oxygen and carbon atmosphere around the planet by fitting the light curves to the H I, O I and C II lines during a transit. Vidal-Madjar et al. (2004) found no Si IV absorption when fitting the light curve to a model of a spherical planet occulting a uniform stellar disk.
We fit their Si IV 1394Å data (Vidal-Madjar et al. (2004) , Figure 3 ) with a Double-U model given by equation 1. This model is appropriate for the Si IV emission, as evident in the Solar image in Figure 4 (a) where strong limb-brightening is apparent. France et al. (2010) found that the Si IV 1394Å/ Si IV 1403Å ratio is 2:1 within the errors, indicating that the Si IV 1394Å emission is optically thin (Bloomfield et al. 2002; Christian et al. 2006) . We investigated the transit of the Si IV line because it the strongest optically thin line in HD209458b's STIS spectrum. While other limb brightened emission lines do exist, we focus on the optically thin ones because they should be the most limb brightened.
The model has two free parameters: the planet/star radius ratio R p /R * and an overall constant that sets the off-transit flux. The second parameter is necessary since the off-transit Si IV 1394Å STIS flux is poorly constrained. The impact parameter is fixed with a value of b = 0.50R * , using an inclination of 86.7
• and a semimajor axis a = 8.76R * (Torres et al. 2008) . Figure 5 shows the light curve for the Vidal-Madjar et al. (2004) data and the best fit model. In addition to the best fit model, we show two more limb brightened models where R p /R * is a fixed parameter for comparison. These have R p /R * equal to 0 and 0.12, representing no Si IV absorption and the geometric planet radius (Knutson et al. 2007) , respectively.
Using a Levenberg-Marquardt fitting algorithm (Markwardt 2009) and the points at which the χ 2 − χ 2 min = 1 to calculate uncertainties, we find that R p /R * = 0.34
−0.12 , close to the size of the Roche Lobe. The Double-U model has a total χ 2 of 10.4 with 12 data points and two parameters, which is 3.1 less than fitting the data to a constant flux line (representing no detection) with one parameter. Since these models are nested, we can use the maximum likelihood ratio test. The P-value for the difference in χ 2 is 0.05, so the data favor the Double-U model with 95% confidence, assuming normally distributed data. The same test favors the R p /R * =0.34 model over the R p /R * = 0.12 model with 91% confidence.
CONCLUSION
As indicated by the Solar image of Si IV in Figure 4 , a limb brightened model should be used for Si IV emission. The Double-U model for the Si IV transit fits the data better than a non-detection, even when accounting for the additional parameters in the model. The best fit absorption radius R p /R * =0.34 +0.07 −0.12 , if the absorption is entirely optically thick. This radius favors planetary atmosphere models with mass flow beyond the planet's Roche lobe.
The best time to observe transits in optically thin stellar emission lines is when a planet crosses its host's limb and not at a phase of 0, since the Double-U curve is deepest at the stellar limb. Observations at the limb have a depth of ∼0.5 (R p /R * ) 3/2 whereas at the center of the star they have a transit depth of ∼0.5 (R p /R * ) 2 , only half the depth of a uniform brightness transit.
Discussion
The Si IV transit depth is comparable to the O I transit depth calculated by Vidal-Madjar et al. (2004) and larger than the H I transit depth calculated by Ben-Jaffel (2007) . As Koskinen et al. (2010) point out, a hard sphere, which we assume in equation 1, is a poor approximation to planetary atmospheric absorption. The Si IV absorption profile, instead of having a sharp transition from opaque to transparent, should change smoothly from optically thick to optically thin absorption in a more accurate model. In order to explain the large transit depth, this smooth model would have to have a radius The best-fit transit depth supports models with high concentrations of metallic ions in the atmosphere because the radius of Si IV absorption is as large as for H I absorption. Koskinen et al. (2010) point out that if the metallicity is high, the temperature must also be elevated. The ∼10,000 K temperature suggested by García Muñoz (2007), Murray-Clay et al. (2009), and Koskinen et al. (2010) for the thermosphere may not explain the large abundances of Si 3+ needed for the observed absorption. The ionization energy, ∆E/k for Si 2+ → Si 3+ = 3.9 × 10 5 K, suggests that the Si 3+ may be produced in a shock between the stellar and planetary winds. Linsky et al. (2010) find no significant Si IV absorption by HD209458b. Our best fit to the STIS data predicts the average transit depth to be 9 +4 −5 % for the same phases as their observations, but Linsky et al. (2010) , with the Cosmic Origins Spectrograph (COS), found 0.2 ± 1.4%. These results disagree at the ∼1.7σ level and variability in the planet's atmosphere may account for the discrepancy. Linsky et al. (2010) did observe some weak Si IV absorption features found at +20 and +40km/s in their spectrum, which indicates that some Si 3+ ions remain in the planet's atmosphere or winds. Linsky et al. (2010) Additional observations will help confirm or refute the detection of Si 3+ in the thermosphere of HD209458b. The Cosmic Origins Spectrograph (COS) is an ideal instrument with 2 to 10 times the sensitivity of previous ultraviolet spectrographs (Froning & Green 2009 ). COS was used by Linsky et al. (2010) , but only when HD209458b was close to a phase of 0.0, 0.25, 0.5 and 0.75 and once when the planet was at the stellar limb. Additional observation at the host's limb would be optimal for Si IV and other optically thin emission lines. With enough signal to noise, the light curve may reveal asymmetries in the transit having to do with an asymmetric spatial distribution of the UV-absorbing cloud. The advantage of the limb brightened emission lines is that they come from a smaller spatial area of the star and therefore probe the spatial distribution of the planetary atmosphere better than optically thick emission. Accurate time resolved transit data may also reveal differences in thermal properties of the leading and trailing sides of the planet as predicted by Fortney et al. (2010 
